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1 Introduction 

In the study of quantum gauge theory by nonperturbative methods there exist, in effect, 
two approaches: one is to quantize the unreduced system and then reduce the symmetries 
on the quantum level, the other one is to first reduce the symmetries on the classical 
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level and then quantize the reduced system. For a discussion of the first strategy within 
the framework of lattice gauge theory, see [101 and the references therein. The aim of 
the present paper is to contribute to the second approach. The motivation behind stems 
from the well-known fact that nonabelian gauge fields can have several symmetry types, 
which give rise to singularities in the 'true' (i.e., reduced) classical configuration space. 
Mathematically spoken, the latter is a stratified space rather than a smooth manifold. It 
is natural to ask whether the singularities produce physical effects. For a systematic study 
of this open problem one needs a concept of how to implement the singularity structure in 
quantum theory. Such concepts have been developed in recent years, see, e.g., [H| I7j fTT]. 
To separate the problem of symmetry reduction from the usual problems of a field theory 
related to the infinite number of degrees of freedom, it is reasonable to first study lattice 
gauge theory. This way, one obtains a variety of toy models to form and test concepts 
and to develop quantum theory on a space with singularities. It is important for quantum 
theory, as well as interesting in its own right, to understand the classical dynamics of 
these models. Thus, in the present paper we consider the simplest nontrivial model of 
an SU(3) lattice gauge theory, where the lattice consists of a single plaquette. We study 
the kinematics of this model, i.e., the structure of the reduced phase space. The classical 
dynamics will then be studied in a subsequent paper. 

We proceed as follows. In Section [2l we introduce the model. In Section El we carry out 
symmetry reduction. This will lead us to the so-called reduced cotangent bundle [12] • 
Then we give two equivalent descriptions of this bundle. One is in terms of a symplectic 
covering (Section li]) , the other one is in terms of invariants (Section E]). We conclude with 
some general remarks on the dynamics in Sectional 

2 The model 

Let us consider chromodynamics on a finite regular cubic lattice A. Denote the set of the 
oriented, i-dimensional elements of A by A* (sites, links, plaquettes and cubes in increasing 
order of i). The gauge group is G = SU(3), its Lie algebra is g = su(3). The classical 
gluonic potential is approximated by its parallel transporter: 

A^ 3 (x, y) ^ a^,^^y) e G . 

Thus, the unreduced classical configuration space is the direct product G^^ and the unre- 
duced phase space is T*^^ . By means of the natural isomorphisms T*G^ = {T*G)^ , 
T*G = Gx g* and q* = q, see below for details, the canonically conjugate momenta (colour 
electric fields) are given by maps 

A^ 3 {x,y) A(^^^y) e g. 

Local gauge transformations are approximated by maps 

A° 9 a; f-^ G G , 
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hence the group of local gauge transformations is the direct product G . It acts on the 
phase space as follows: 

^'{x,y) = 9x ■ a{x,y) ■ 9y^ ^ ^{x,y) = 9x ' ^ix,y) ' 9x^ ■ 

The (gauge invariant) Hamiltonian is given by 

H--'y E(.,,)eA^ H^Uy)) + W-s EpeA^ (6 - tr(a, + at)) . (1) 

Here, 5 and g denote the lattice spacing and the coupling constant, respectively, and ap is 
the parallel transporter around the plaquette p. For a plaquette p with vertices x, y, z, u 
we choose 

Clp dxy ' ^yz ' ^zu ' ^ux • 

While ttp depends on the choice of a base point x, tr(ap) does not. 

In the present paper we consider the case where A consists of a single plaquette. This is 
the simplest nontrivial model for a Hamiltonian lattice gauge theory. On three of the links 
of the plaquette, a and A can be gauged to 1 and 0, respectively. Such a gauge is called a 
tree gauge. Then the residual gauge freedom consists of constant gauge transformations. 
Thus, the unreduced configuration space is the group manifold G and the unreduced phase 
space is T*G = G x g. Its elements will be denoted by {a, A). The gauge group is G, its 
action on the phase space is given by diagonal conjugation 

a' = 9ag^^ , A' = gAg~^ . 

The Hamiltonian becomes 

^ = -ftr(A2) + ^(6-tr(a + at)) . (2) 

Next, we will carry out symmetry reduction. The basic object for this is the G-manifold 
of the unreduced configuration space, because it determines the kinematical structure of 
the model completely. 

3 Symmetry reduction 

First, let us recall the general procedure. It is known as cotangent bundle reduction and 
is a special case of (singular) Marsden-Weinstein reduction. 

3.1 Cotangent bundle reduction 

Let Q be a manifold acted upon properly by a Lie group K (we may even assume that K 
is compact). Associated with {Q,K) there is the surjection 

7r:T*{Q/K)^Q/K. (3) 
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The base space Q/K consists of the i^-orbits in Q, equipped with the quotient topology, 
the stratification by the orbit types of if-action and the smooth structure 

C^{Q/K) := C°^{Qf 

(invariant smooth functions on Q). Thus, Q/K is a stratified topological space with smooth 
structure, see [in| for this notion. 

The total space T*{Q/K) is obtained as follows. The action of i^T on Q lifts to a proper 
symplectic action of K on the cotangent bundle T*Q by the corresponding point transfor- 
mations. The map J : T*Q 6* defined by 

(J(r7),X) :=77(X«), r]eT*Q, Xet, (4) 

where X'^ denotes the Killing vector field associated with X, is an equivariant momentum 
mapping for this action [U §4.2]. (Thus, these data define a Hamiltonian G-manifold 
naturally associated with {Q,K).) Since J is equivariant, the level set J~^(0) is invariant 
under K. The bundle space T*{Q/K) is given by the topological quotient J~^{0)/K. It is 
equipped with the following structure, see [3 CHI CHI '^^ App. B.5]: 

- A smooth Poisson structure. The natural smooth structure of T* (Q/K) is given by 

C°°(T*(g/i^)) ■=C°^(T*Q f/V^ , 

where V denotes the vanishing ideal of the level set J~^(0). Since K acts symplectically 
on T*Q, C°°(T*Q)^ is a Poisson subalgebra of C°^{T*Q). In view of Noether's theorem, 
J~^(0) is invariant under the Hamiltonian fiow of invariant functions. Hence, is a 
Poisson ideal in C°°(T*Q)^ . Therefore, C°°(T*{Q/K)) inherits a Poisson bracket through 

{/ + ^",9 + V'h.^Q/K) = {/, gh'Q , f.geC^ (T* (Q/K)) . 



- A stratification by orbit types. Using the slice theorem it can be shown that for given orbit 
type T the subset J~^{0)r of J~^(0) consisting of the elements of type r is an embedded 
submanifold ofT*Q. Local charts on the r-stratum T*{Q/K)r of T* (Q/K) are then defined 
in the usual way: for a given point in T*{Q/K)r one chooses a representative in J"^(0)t- 
and a slice about the representative for the action of K on J^^{0)r- By restriction, the 
natural projection vr^ : J~^{0)r — ^ T*{Q/K)t induces a homeomorphism of the slice onto 
its image. Thus, charts on the slice induce charts on T*{Q/K)t-. 

- Symplectic structures on the strata T*{Q/K)r. One can prove that the annihilator of 
the pull-back of the symplectic form u of T*Q to the submanifold J~^{0)r coincides with 
the distribution defined by the tangent spaces of the orbits. Therefore, the pull-back of u 
to a slice for the action of K on J^^(0)t- is a symplectic form on that slice. Through the 
homeomorphism of the slice onto its image in T*{Q/K)t-, induced by the natural projection 
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Tir it defines a local symplectic form on T*{Q/K)r. Due to the fact that u is ii'-invariant, 
all the local forms merge to a symplectic form u'^ on T*{Q/K)r. Then 

where jV : J~^(0)t- — * T*Q denotes the natural injection. 

By construction, the injections (T*^),- T*{Q/K) are Poisson maps. Therefore, the 
above data turn T*{Q/K) into a stratified symplectic space. 

Finally, the projection vr of (jHI) is induced by the restriction of the natural (equivariant) 
projection T*Q — > Q to the level set J~^(0). Since J~^{0) contains the zero section of T*Q, 
TT is surjective. 

Remark 3.1. The fibres of (jH]) may intersect several distinct strata of T*{Q/K). In 
particular, ir does not preserve the orbit types. However, as the stabilizer of a covector in 
T*Q cannot be larger than that of its base point, tt does not decrease orbit types. For a 
detailed study of the stratifications of the fibres oiT*{Q/K), see [14] . 

Remark 3.2. Since Q is a bundle in the topological category in the sense of [9^ and since 
it plays the same role for Q/K as the cotangent bundle T*Q plays for Q, Q is called the 
reduced cotangent bundle in [12], although in general its elements are not covectors. When 
K acts freely then Q/K is a manifold and © is isomorphic to the cotangent bundle of this 
manifold |Tj. In general, the cotangent bundles of the strata of Q/K are dense subsets of 
the corresponding strata oil* {Q/K) [T3]. 

If, like in our case, {Q, K) is the configuration space of a Hamiltonian system with sym- 
metries, Q/K and T*{Q/K) are referred to as the reduced configuration space and the 
reduced phase space, respectively. It can be shown in general that if an evolution 
curve in T*Q w.r.t. a i^-invariant Hamiltonian meets a submanifold J~^(0)t- then it is 
contained completely in this submanifold. Therefore, dynamics in T*{Q/K) takes place 
inside the strata. Due to Remark I3.1L an analogous statement for Q/K is in general not 
true, though. 

We will now discuss the reduced data of our model in detail. The reduced configuration 
space Q/K and the reduced phase space T*{Q/K) will be denoted by X and V, respectively. 

3.2 The reduced configuration space A' 

In what follows we will write G for SU(3) and q for su(3). 

By construction, X is the adjoint quotient G/Ad. As G is semisimple, this space has the 
following two standard realizations. Let T denote the subgroup of diagonal matrices of 
G. One has T = U(l) x U(l), a 2-torus. For j = 1,2,3, let T(j) denote the subsets of 
T consisting of the elements whose entries coincide, possibly except for the jth one. Let 
A denote one of the triangular subsets of T which are cut out by the Tq), j = 1,2,3, 
see Figure [H From the embedding A ^ T, A acquires a Whitney smooth structure. It 
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Figure 1: A possible choice for the subset A of T. The numbers 0, 1, 2 stand for the central 

■ 2 -4 

elements 1, e's'^l and respectively. 

is a standard fact that the embeddings A ^ T G induce, by passing to quotients, 
isomorphisms 

X ^ T/S-i ^ A (5) 

of topological spaces with smooth structure. Here the symmetric group 5*3 acts by per- 
mutation of entries and the smooth structure of T/ 5*3 is defined by the invariant smooth 
functions on T. 

Let us describe the stratification. The number of distinct entries of a G ^ can be 3, 2 or 1. 
Denote the corresponding subsets of ^ by Ak with k = 2,1,0. One has Ai = Uj=i •^^'^(j)- 
Topologically, ^ is a 2-simplex, A2 is its interior, Ai consists of the edges without the 
vertices and ^0 consists of the vertices. Taking into account that the stabilizer of a under 
the action of SU(3) is given by the centralizer of a in SU(3), the stabilizer of a G is 
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SU(3)-stabilizer 


S'3-stabilizer 


2 


T 


{1} 


1 


U(2) 







SU(3) 


S3 



(6) 



In particular, Ao = I^s, the centre of SU(3). Denote the orbit types in the respective order 
by T2, Ti and tq, irrespective of the action they belong to, and the corresponding strata of 
X hj X2, Xi and Xq. (The numbering refers to the dimensions of the strata.) Type T2 is 
the principal orbit type and X2 is the principal stratum. 

It is easy to see that the isomorphism X = A holds on the level of stratified smooth 
topological spaces. 

Remark 3.3. The identification of X with A endows X with a CW-complex structure in 
an obvious fashion. Already for the quotient (SU(3) x SU(3)) /SU(3) with SU(3) acting 
by diagonal conjugation, which is the reduced configuration space of lattice SU(3)-gauge 
theory on a lattice with 2 plaquettes, the construction of a CW-complex structure is much 
more complicated, see 
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3.3 The reduced phase space V 

As anticipated in Section O we identify T*G with the direct product G x g by virtue of 
the natural diffeomorphism 

Gxg^T*G, (a,A)^(A,R;_,-). (7) 

Here, Ra : G ^ G denotes right multiplication by a G G and ( ■ , ■ ) is the ordinary scalar 
product of complex matrices, 

{A,B) =ii{A^B), A,fiGM3(C). 

When restricted to this form yields a real scalar product which, up to a constant factor, 
coincides with the negative of the Killing form of g: 

{A,B) = -ti{AB) , A, Beg. 

Since T(Gxg) = TGxTg, vectors tangent to Gxg at (a. A) can be written as (R'a-B, {A, C)) 
with B,C G g. Under the identification ^ the symplectic potential of T*G takes the 
standard form 

= (A 5), (8) 

hence the symplectic form u = dO i?, 

Lu^a,A) ( (KBu (A, Gi)) , iKB2, (A, G2)) ) = G2) - (Gi, B^) - {A, [B,, B,]) . (9) 
The action of G on T*G by the induced point transformations is given by conjugation, i.e., 

b-{a,A) = {bab~\ bAb-^) . (10) 

If we furthermore identify g* with g by virtue of the scalar product ( ■ , ■ ) , the natural 
momentum mapping for this action is given by the map 

J:Gxg^g, J{a, A) = A - a~'^Aa . (11) 

The level set J^^(O) is therefore given by all pairs {a, A) G G x g where a and A commute. 
In particular, it contains the subset T x t. By restriction of the natural projection to orbits 
we obtain a map 

\:Txi^V. (12) 

Let (a. A) G J~^(0). Since a and A commute, they possess a common eigenbasis. Since a is 
unitary and A is anti-Hermitian, the eigenbasis can be chosen to be orthonormal. Hence, 
by G-action, {a, A) can be transported to T x t. In other words, every G-orbit in J~^(0) 
intersects the subset T x t. Hence, A is surjective. Since two elements of T x t are conjugate 
under G iff they differ by a simultaneous permutation of their entries, then A descends to 
a bijection 

iTxt)/Ss^V. 
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Standard arguments ensure that this is in fact a homeomorphism. Thus, we can use A to 
describe V. In particular, V is an orbifold. 

We start with the stratification. The number of entries which simultaneously coincide for 
both a and A can be 0, 2 or 3. Denote the corresponding subsets of T x t by (T x t)fc 
with k = 2,1,0, respectively. The stabilizers and orbit types of {a, A) e (T x t)^ under 
SU(3)-action and S'3-action are 
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SU(3)-stabilizer 


S'3-stabilizer 


orbit type 
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{1} 




1 


U(2) 









SU(3) 


^3 


To 



(13) 



Since the orbit types are the same as for X we use the same notation. Let Vk denote 
the stratum of type r^. A; = 0, 1, 2. V2 is the principal stratum. Since the subsets (T x t)^ 
are the pre-images of the strata Vk under A, they will be referred to as strata of T x t. By 
restriction, A induces maps 

Afc : (T X t)fc ^Pfc, fc = 2,l,0, (14) 

which descend to homeomorphisms of (T x \)k/ onto Pfc, k = 2, 1, 0. 
We determine (T x t)^ explicitly. Recall that Z3 denotes the center of G = SU(3). As 
for T(j), let t(j), j = 1,2,3, denote the subset of t consisting of the elements whose entries 
coincide, possibly except for the jth one. We find 

(Txt)o = Z3X{0}, 

(Txt)i = (u'=iTo)Xt(,))-(Txt)o, 

(Txt)2 = Txt-(Txt)i. 

These are embedded submanifolds of T x t. Since t is the Lie subalgebra of q associated 
with the Lie subgroup T of G, T x t is a symplectic submanifold of G x q. Analogously, 
so are T(j) x t(j), j = 1,2,3. It follows that (T x t)^, k = 2,1, are symplectic manifolds. 
For convenience, in the following we will view (T x t)o as a (trivially) symplectic manifold, 
too. 

Theorem 3.4. The map A is Poisson. The maps Xk are local symplectomorphisms. 

Proof. By definition, C°°(P) is a quotient of C°°(G x g)*^. Hence, the first assertion is a 
direct consequence of the fact that T x t is a symplectic submanifold of G x g. For the second 
assertion, recall the construction of the symplectic forms on the strata Vk from Subsection 
13.11 The assertion then follows by observing that any point of Vk has a representative in 
(T X t)fc and that a sufficiently small neighbourhood of the chosen representative in (T x t)^. 
provides a slice for the action of G on the submanifold J~^(0)fc of G x g. Here J~^(0)fc 
denotes the subset of J~^(0) consisting of the elements of the orbits of type r^. □ 
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Remark 3.5. 1. Since the submanifolds (T x t)^ are symplectic and since 5*3 is finite, 
the quotient (T x t)/Ss naturally carries the structure of a stratified symplectic space. Of 
course, this structure might be viewed as to be obtained by singular Marsden-Weinstein 
reduction with (necessarily) trivial momentum map. Then Theorem 13.41 says that the map 
A induces an isomorphism of stratified symplectic spaces of (T x t)/S'3 onto V. 

2. Dynamics on V is thus given by the dynamics on T x t w.r.t. an S'3-invariant Hamiltonian 
and the symplectic form Similarly, motion on X is given by S'3-invariant motion on 
the 2-torus with metric defined by the scalar product ( ■ , ■ ). 



3.4 The projection tt : V ^ 

Recall from Subsection 13.11 that the projection n : V ^ X is induced by the cotangent 
bundle projection T*^ G. By virtue of the identification the latter is identified with 
the natural projection to the first factor pr^^ : G x q ^ G. Hence, one has the following 
commutative diagram 

T X t — ^ V 

T > X 

where the lower horizontal arrow is defined by restriction of the natural projection G X . 
It follows that the fibre over a E X {X being identified with A and hence with a subset of 
T) is given by 

Tr-\a) = t/5(a), 

where S{a) is the stabilizer of a under the action of 5*3. According to there are 3 cases, 
illustrated in Figure [2l 

- If a G X2, S{a) is trivial, hence 7r^^(a) = t. I.e., the fibre is a full 2-plane and belongs to 
the stratum V2- 

- If a E Xi then a G Tq) — Z3 for some j = 1, 2, 3. Then S{a) = S2, acting by permuting 
the 2 entries besides the jth one. Hence, vr~^(a) = 1/82, acting by refiection about the 
subspace t(j). Therefore, the fibre may be identified with one of the two half-planes of t 
cut out by t(j). Its interior belongs to the stratum V2, whereas the boundary t^) belongs 
to the stratum Vi. 

- If a G Xo, i.e., a G Z3, then S{a) = S3. The action of S3 on t is generated by the 
refiections about the 3 subspaces t(j), j = 1,2,3. Hence, the fibre may be identified with 
one of the 6 (closed) Weyl chambers of t cut out by t(j), j = 1, 2, 3 (the walls of the Weyl 
chambers). The interior of the Weyl chamber belongs to the stratum V2, the walls minus 
the origin belong to the stratum Vi and the origin belongs to the stratum Vq. 

One can see explicitly that the projection n : V ^ X does not preserve the stratification, 
because the fibres over points in Xi and Xq intersect more than 1 stratum of V. As stated 
in Remark I3.H this is a general phenomenon. 
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t3 t3 t3 

ae X2 a G A*! (a e r(i)) ae Xq 



Figure 2: The fibres vr ^(a). 

Remark 3.6. The description of the reduced data given here generalizes to an arbitrary 
compact semisimple Lie group in an obvious way: T and t are replaced by a maximal torus 
in G and its Lie algebra, which is a Cartan subalgebra of g. ^ is replaced by a Weyl alcove 
in T and S'3 is replaced by the Weyl group of G. It is interesting that for G = SU(2) one 
obtains the reduced phase space of the spherical pendulum with zero angular momentum, 
which is the well-known canoe pj §VI.2]. 

This completes the construction of the reduced data for the model under consideration. 
Next, we will derive tools to study the dynamics of this model. I.e., first, a symplectic 
covering of T x t and, second, a description of V and X in terms of invariants. 



4 Symplectic covering of T x t 

Recall the symplectic form of G x g, see 0. By an abuse of notation, the pull-back 
of this form to T x t will also be denoted by u. Elements of will be denoted by 
{x,p) = ((a;\x^), (^1,^2))- In this section, we use the exponential map of T to construct 
a covering : ^ T x t which pulls back u to the natural symplectic form dpi A dx* of 
(summation convention). We choose ^ to be induced by some covering ip : M."^ —>■ T hj 
virtue of the commutative diagram 

TR2 TT 

4 b ^^^^ 

r4 ^ t*M2 T*T = T X t 

where the vertical arrows stand for the isomorphisms between the tangent and cotangent 
bundles induced by the natural Riemannian metrics g on and h on T. Recall that h 
is given by the restriction to T of the Killing metric of G induced by the scalar product 
( ■ , ■ ) on g. A straightforward calculation, where and T may be replaced by arbitrary 
Riemannian manifolds, shows that if ip is isometric then ip is symplectic. Thus, all we 
have to do is to choose ip appropriately. E.g., we can choose ip as the composition of the 
isomorphism t, mapping the canonical basis vectors ei, 62 to the orthonormal basis 

^Mve^ 76' ' -73' ^) 
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in t, with the exponential map t ^ T: 

Lp{x) = diag(^e^(^'''+^''') , e'^^"""^'"^ , e-Vt^J . (16) 
The corresponding covering ip : ^ T x t is 

i^{x,p) = (^^(x) , diag {i{j^Pi + j^P2) , i{j^Pi - j^P2) , -'^sjivi) ^ • (17) 

Remark 4.1. Since ip is a. local diffeomorphism it is a local symplectomorphism and hence 
provides local Darboux coordinates on T x t. 



Now having constructed ijj, we can compose it with the map A : T x t see (jT2|l . to 

obtain 

X := AoV^ : R4 ^P. (18) 

Let M| = x"^(^fc) denote the pre-image of the stratum Vk under x, = 2,1,0. Using 
M| = il)-^{{T X i)k) we find 



X {0} , R\ = (u,Li U.ez %)i X %)o) Rl = M''\Rt, (19) 



where 

M.I = { (/ yfyr, (/ + 2m) y2 7r) | /, m G Z } 

= { (y, VSy + 2lV27r) \ yeR} 

K(2)i = {{y,-V^y + 2lV27r) \yeR} 

Rf,^, = { {y,lV27T) I yeR} . 

The are affine subspaces of R^, intersecting each other in the points of Mq, see Figure 
El The Rl are symplectic submanifolds of R'^: for /c = this is trivial, for = 2 it is 
obvious. For A; = 1 it follows from the fact that in the natural identification of T*R^ with 

utilized here, Rf.-^^ x R^^.^; corresponds to T*R^^.)„ j = 1,2,3, / G Z. 
By restriction, ip and x induce maps 

iPk-.Rt-^ {T xt)k, Xk = XkO^k-.Rt^Vk, k = 2,1,0, (20) 

respectively. 

Theorem 4.2. The map x is Poisson, i.e., for f,g E C°°(V) there holds 

^*{f gi - ^^^*f) d{x*f) d{x*g) 

' dx^ dpk dpk dx^ 

The maps Xk are local symplectomorphisms. 

Proof. This follows from Theorem 13.41 In addition, for the second assertion one has to use 
that the ipk are local symplectomorphisms. This is a consequence of the fact that (T x t)^. 
are embedded submanifolds of T x t. □ 
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Figure 3: The subsets Rq and R(j); of R^. The elements of Rq are represented by • and 
are labelled by the element of Xq they project to: 0,1,2 stands for 1, expi|7rl, expi|7rl, 
respectively. The affine subspaces M^^-, ^ are labelled by ^-J-* . 

5 Description in terms of invariants 

In this section, we derive the invariant-theoretic description of the reduced data of our 
model. Let us start with recalling the general theory. Consider an orthogonal representa- 
tion of some Lie group if on a Euclidean space R". The algebra of invariant polynomials of 
this representation is finitely generated fT^. Any finite set of generators pi, . . . , pp defines 
a map 

p=ip^,...,Pp)■.R''/H^W. 

This map is a homeomorphism onto its image and the image is a closed semialgebraic 
subset of RP, i.e., it is the solution set of a logical combination of algebraic equations and 
inequalities. The equations are provided by the relations amongst the generators pi and 
the inequalities keep track of their ranges. The set {pi, . . . , pp} and the map p are called 
a Hilbert basis and a Hilbert map for the representation, respectively. If \^ C R" is an 
if-invariant semialgebraic subset, then p restricts to a homeomorphism of V/H onto the 
image piV) C W and the image is again a semialgebraic subset. The equations are now 
given by the relations amongst the restricted mappings pi\v and the inequalities are given 
by their ranges. 



5.1 Hilbert map 

To apply the method explained above to our model, we consider the realification of the 
representation of G = SU(3) on M3(C) © M3(C) by diagonal conjugation: 

a ■ (Xi, X2) = {aXia'\ 0X30"^) (21) 
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and set = J ^(0) C G x g. Indeed, since this (complex) representation is unitary w.r.t. 
the scalar product 

((Xi,X2),(Fi,F2)) =tr(X|ri)+tr(X|F2), (22) 

the realification, equipped with the real part of (f22|) as a scalar product, is orthogonal. 
Moreover, the subset J~^{0) C M3(C) © M3(C) is defined by the equations 

a^a = l, det(a) = l, + A = , aA - Aa = , (23) 

hence is real algebraic. 

Since the invariant polynomials of the realification of a complex representation are given 
by the real and imaginary parts of the invariant polynomials of the original representation, 
we have to find the generators for the latter. According to [11], a set of generators for the 
invariant polynomials of the representation of SU(n) on M„(C)'" by diagonal conjugation 
is given by the trace monomials up to order 2" — 1 in Xi, . . . , Xm and Xj, . . . , X^^. The 
generators are subject to the relation 

J] sgn(a) 11(^1.....^,) tr(n,---nj = 0, Yi, . . . , G M„(C) , (24) 

cycle of <T 

called the fundamental trace identity (FTI). Thus, according to the general theory, the 
real and imaginary parts of the trace monomials up to order 7 in a, A and a\A\ where 
(a. A) G J~^(0), provide a homeomorphism of P onto a semialgebraic subset of for some 
large p. However, for the restrictions of the trace monomials to J~^(0) more relations hold 
than just the FTI. We can use them to reduce the set of generators and thus to simplify the 
Hilbert map. They arise from the matrix identities (|23|1 and the Cayley-Hamilton theorem 
which says that the characteristic polynomial Xx of any X G M„(C) obeys xx{,X) = 0. 
The characteristic polynomials of a and A are 

Xa{z) = -z^ + tr(a)z2 _ tr{a)z + 1 , xa{z) = -z^ + ^tT{A^)z + ltT{A^) , (25) 

respectively. Using (f23|) . any trace monomial can be transformed to the form tr(a^A') or 
its conjugate for some k,l. Using (f25| it can then be rewritten as a polynomial in the 
monomials 

tr(a) , tr(aA) , tr(aA^) , tr(v4^) , tr(A^) . 

We define 

Ck := Re{ti{a{-iAf)) , 4 := Im(tr(a(-iA)^)) , A; = 0,1,2, 
tk := tiii-iA)'') , k = 2,3. 

As iA is self-adjoint, t2 and ts are real. Thus, we arrive at the simplified Hilbert map 

pv = (co, do, ci, di, C2, d2, t2, ts) -.V . 
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By embedding G "-^ G x {0} C J ^(0), from p-p we obtain the Hilbert map for the action 
of G on itself by inner automorphisms, i.e., for the reduced configuration space X: 

Px = (co, do):X^R\ (26) 

Analogously, embedding g ^ {1} x g C J~^(0) and using that on the image of this 
embedding there holds C2 = ^2 and ci = di = d2 = 0, we obtain the Hilbert map for the 
adjoint representation of SU(3), or the corresponding representation of ^3 on t, 

PAd = (^2,^3) : su(3)/Ad^M2_ 

By construction, the maps p-p, px and pxA are homeomorphisms onto their images. The 
images will be denoted by P, X and y, respectively. The images of the strata Vk of V and 
Xk of X will be denoted by Vk and Xk, respectively. As P, and y are projections of a 
semialgebraic subset, they are semialgebraic themselves. The reason why we consider y is 
that it will be needed in the discussion of P. 

5.2 Reduced configuration space and quotient of adjoint represen- 
tation 

The subset X was discussed in [3j. We recall the results. A natural candidate for an 
inequality is given by the discriminant D(xa) of Xa- Indeed, as a has eigenvalues a, (5 and 
a/3, where G U(l), 

D(xa) = (a - Pf{a - ^)\f3 - = -\ap\^\a - (3\^\a - ^\^\(3 - < . 

Define 

Pi(co(a), doia)) := -D(xa) , a G SU(3) . 
Expressing the discriminant in terms of the coefficients of Xa, see (f25|l . yields 

Pi(co, do) = 27-4- 2cot^o - ^^o + - 24corfo " - 18dl . 
Moreover, define 

Po{co,do) := 9 - Co - rfp. 

Theorem 5.1. X is the subset o/R^ defined by the inequality Pi > 0. ^4^ subsets of X , 
the strata are defined by the following equations and inequalities: 

Xq: Po = , Xi: Pi = and Pq > , X2: Pi > . 

Proof. By construction, X is contained in the subset defined by Pi > 0. The inverse 
inclusion was shown in [3]. To discuss the stratification, let a G A" (again identified with 
A). One has a G iff all its entries are distinct, i.e., iff D(xa) 7^ 0. This yields the assertion 
for X2. On has a E Xq iff all its entries are equal. This is equivalent to |tr(a)| = 3, i.e., 
co(a)^ + dl{a) = 9, hence the assertion for Xq. Then the assertion for Xi follows. □ 
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Figure 4: The subsets Pi > (left) and P2 > (right). The curve Pi = is a 
3-hypocycloid. All the singular points of the curves Pi = and P2 = are cusps. 



The curve Pi = is a 3-hypocycloid in a circle of radius 3 and X is the subset of 
enclosed by this hypocycloid, see Figure 21 

Next, consider y. Again, the discriminant of Xa is a natural candidate for an inequality: 
as A has purely imaginary eigenvalues, D(xa) < 0. Define 

P2it2iA),ts{A)) := -D(xa) a e su(3). 

In terms of the coefficients of xa, 

P2(^2, ^3) = " Si^a • 

Lemma 5.2. y is the subset o/M^ defined by the inequality P2 > 0. A matrix A G i has 
n distinct entries iff the following conditions hold: 

n = l: t2 = 0, n = 2: P2 = 0andt2>0, n = 3: P2>0. 

Proof. By construction, y is contained in the subset of defined by P2 > 0. Conversely, 
for any choice of (^2,^3) ^ there exists A G M3(C) with these values for the invariants 
t2, ^3. It may be chosen as a diagonal matrix with entries being the zeros of the polynomial 
Xa, see where the traces have to be expressed in terms of the chosen values for t2 
and ^3. It suffices to show that the inequality P2{t2itz) > implies A G g = su(3). Indeed, 
replacing z by iw yields ixa = —w^ + \t2W + ^^3. This polynomial has real coefficients 
and discriminant — P2(t2,t3) < 0. Therefore, its roots 1^1,^2,^3 are real. Since it does not 
contain a square term, wi + W2 + = 0. Then A = diag(iwi, iw2, iw^) G su(3). 
The conditions that all entries are equal or that all entries are distinct are obvious. The 
condition that 2 entries are distinct then follows by observing that P2 > implies t2 > 
0. □ 

The curve P2 = is shown in Figure HI The inequality P2 > describes the part of the 
t2-t3-p\ane to the right of this curve. 
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5.3 Reduced phase space 



Now we turn to V. First, let us look for equations defining J^^(O) inside G x g, i.e., 
refiecting the fact that a and A commute. The following 2 families of functions on G x g 
obviously vanish on J~^(0): 

/fc(a,A) := 2(-i)'=-i (tr(A^aAat) - tr(A'=+i)) , 

gk\a,A) ■= {-if-^ {ii{A^aAa) -ti{A^+^a'^)) , A; = 1,2,.... 

The fk and gu are polynomials on G x g. The fk have real coefficients and the gk have 
complex coefficients. Being invariant, they can be written as polynomials in the variables 
Ck,dk,tk- This way, we obtain 2 families of equations whose common zero set contains 
p{V). They cannot all be independent. Indeed, for k >3, using (f25|l one finds 

fkia,A) = -itr(A2)/,_2(a,A) + |tr(A3)/,_3(a,A), 
gk{a, A) = -ltT{A^)gk-2{a, A) + ^tT{A^)gk-3{a, A) , 

where /q = (^o = 0. Hence, the relevant equations are those arising from /i, /2, gi and g2. 
Taking the real and imaginary parts - /i and /2 are already real - we obtain the following 
6 equations: 



fl 


= {3 + cl + dl)t2 - 2{cl + dl) - 4(coC2 + ^0^2) = 


0, 


(27) 




= (3-|(c2 + d2))t3-2(ciC2 + dirf2) =0, 




(28) 




= C0C2 - ^0*^2 - 2Cot2 - Ci + C?^ + 3C2 = , 




(29) 


lm{gi) 


= co(i2 + dQC2 + 2dot2 - 2ci(ii - 3^2 = , 




(30) 


M92) 


= i((co + l)ci - dQdi)t2 + (|(cg - 4) - co)^3 - 


C1C2 + (ii(i2 = , 


(31) 


lm{g2) 


= i((co - l)di + (ioCi)t2 + (fcorfo + (^0)^3 - ci(i2 


— diC2 = . 


(32) 



These are the candidates for the equations defining V. 

Next, we look for the inequalities. Besides the two inequalities Pi > and P2 > found 
above, which contain only pure invariants, there is another obvious one which contains the 
mixed invariants C2 and ^2- Namely, for given a G T and A G t, the entries of a(— iA)^ are 
complex numbers whose modulus is given by the corresponding entry of (— iA)^. Hence, 
|tr(a(— iy4)^) I < tr((— iA)^). In terms of the real invariants this reads ^3(02, ^2, ^2) > 0, 
where 

P3ic2,d2,t2) ■.= tl-cl-dl. 

Theorem 5.3. V is the subset o/M^ defined by the equations and inequalities 

h = f2 = Re(^i) = Im((7i) = \m{g2) = , > , J = 1, 2, 3 . (33) 

Proof. We have already checked that V is contained in the subset (jTHIll . In order to prove 
the inverse inclusion, let there be given a point x = (cq, c/q, Ci, di, C2, ^2, ^2, ^3) from the 
subset (f33|l . We have to show that there exists a pair {a, A) G T x t such that pp(a, A) = x. 
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Due to Theorem 15.11 and Lemma l5?2l there exist a E T and A E t with px{cl) = {co,do) 
and pAd(^) = (t2,t3), respectively. All pairs in the orbit of (a, A) under the direct product 
action of S'3 x S'3 on T x t have the same values for the invariants Cq, do, ^2, ^3- Hence, if in 
(j!^ we view cq, do, ^2, ^3 as fixed parameters and ci, di, C2, d2 as the variables, it suffices to 
show that the number risoi of distinct solutions of this system of equations and inequalities 
does not exceed the number riorb of orbits under the diagonal action of 5*3 on the S'3 x 5*3- 
orbit of {a, A). This holds in particular if Usoi = 1, i.e., if the solution is unique. 
We start with separating C2 and d2 in the equations Re{gi) = and Im(5fi) = 0: 

P0C2 = {3-co)cl-{3-co)dl-2doCidi + 2{co{3-co)+dl)t2, (34) 
Pod2 = docl-dodl-2{3 + Co)cidi + 2do{3 + 2co)t2. (35) 

The inequality Pi > allows for 3 values of Cq, do where the factor Pq vanishes: 

{Co, do) = (3,0), (-f,|v^), (-|,-|v^). 

In the first case, the combination fi + 2Re(5fi) = yields Ci = 0. Then (f29|l reads 
6(^2 — C2) + d1 = and fHlHl reads di{t2 — C2) = 0. It follows di = and C2 = ^2- Then 
P3 > implies ^2 = 0. In the other two cases, /i — 4Re((7i) = implies ci = di = 0. 
Resolving fi for C2 and inserting this into P3 yields —{\^t2±2d2y > 0. Hence, ^2 = 
and, then, C2 = — ^^2- In all 3 cases ngoi = 1. 

For the rest of the proof assume Pq 7^ (due to Pi > then Pq > 0). Then C2 and ^2 are 
fixed by (|3i|l and (|35|) and can be replaced in (f27|l and (f28|l : 

2{9 + 6co - 3cl + dl) cl + 2Qi dl - 8do{3 + 2co) cidi - Pit2 = 0, (36) 
2(co - 3) + 2do dl + 2do cjdi + 2(9 + cq) cidj + 4(cg - 3co - dl)t2 ci 

-(12 + 8co)rfot2rfi + ^Pot3 = 0, (37) 

where we have introduced the notation 

Qi = (3-co)'-3rf^. 

The coefficient Qi vanishes exactly for the 3 values of Cq, do which obey Pq = 0. Hence, 
we can solve (f36|l for di, 

= ^ (^(12 + 8co)do ci ± ^2Pi(git2-6cf)^ . (38) 

If ^2 = then Ci = 0, because di must be real, and hence di = 0. Due to P2 > 0, also 
^3 = 0. Then (j3i|l and (f35|l imply C2 = ^2 = 0. Thus, again Ugoi = 1. 

In the sequel assume ^2 7^ (due to P2 > then ^2 > 0). If Pi = 0, di is a multiple of ci, 
hence replacing di in (jTrTjl yields a 3rd order polynomial equation which has at most 3 real 
solutions. I.e., risoi < 3. On the other hand, due to Theorem 15.11 a has 2 distinct entries. 
Due to Lemma lOl A has at least 2 distinct entries. Therefore, norb = 3. 
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In what follows we assume Pi{co,do) > 0. Then a has 3 distinct eigenvalues. 
First, consider the case do = 0. Here, di is a pure root and (f37|) contains di only in 2nd 
order. Hence, inserting (f38|l and discarding the global factor 3'^("^^3) we obtain the 3rd order 
polynomial equation 

24 cl - 3(3 - Co)' t2 ci - (3 - cof h = . (39) 

Since this equation has at most 3 real roots, each of which gives rise to at most 2 values of 
di by (jHHI), '"■sol < 6. It follows that in the case P2 > 0, where A has 3 distinct eigenvalues, 
norh = 6 > Usoi- In the case P2 = 0, A has 2 distinct eigenvalues, so that riorb = 3. To 
determine nsoi for this case, set 




Then t2 = 6x'^ and ^3 = 6x^. Substituting this in (f39|) and dividing by 6 we obtain 

4 c?- 3(3 - Co)' x' Cl - (3 - co)^ = . 

Since x 7^ by assumption, the solutions of this equation are given by Ci = Cix, where Ci 

are the solutions of the same equation with x = 1. We find ci = 3 — co with multiplicity 

1 and Cl = |(co — 3) with multiplicity 2. Then yields rfi = in the first case and 

di = ±|-\/ (3 — co)(l + Co) X in the second one. Thus, nsoi = 3 = norb- 

Next, consider the case do 0. We insert |r?Hll into (jTrTjl and write this equation in the 

form 

±3cio(Qi t2 - 24 cl) ^ 2 Pi(Qi t2-6cl)=Q, (40) 

where Q is some polynomial and we have omitted a common factor 3v^-Po/<5i to avoid 
fractures. By squaring (jlOjl we obtain the 6th order polynomial equation in Ci 

1152 4-288 Qit2 4 + 96 Q2hcl + 18Qltlcl~12Q3t2hci + 2Qltl~9 Pi dltl = 0, (41) 

where 

Q2 = cl + 9codl-9cl + 27dl + 27co~27 , 
Q3 = c^ + 6cgc/g-27corf^-15c^-81d^ + 90ci^-162co(ig 
-270 cl + 324 dl + 405 co - 243 , 

and we have omitted a global factor Q^. To a solution ci of (|lTll for which the l.h.s. of 
(lin|l does not vanish there corresponds one of the two signs in and hence by (|HH|l a 
unique value for di. To a solution for which Qit2 — Q cf = there corresponds a unique di 
anyhow. To a solution for which Qi t2 — 24 c^ = there correspond two values of di, but 
such a solution necessarily has multiplicity 2. (This phenomenon should be interpreted the 
other way around: generically (jlT|l has distinct solutions Ci, each with its own associated 
dl. When 2 of the solutions happen to coincide, the associated values of di seem to emerge 
from the same Ci.) From these observations we conclude that nsoi < 6, so that for P2 > 
we have riorb = 6 > Usoi. 
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It remains to consider the case P2 = 0, where norb = 3. As before, we replace t2 = 
and ts = 6x^ in pT|l and argue that the solutions of the resulting equation are given by 
Ci = Cix, where Ci are the solutions of this equation with x set to 1. The latter equation 
turns out to be the square of 

4g?_3QiCi + Q2 = 0, (42) 

hence it has at most 3 distinct real solutions ci. We claim that for none of the corresponding 
solutions ci = cix the factor Qit2 — 2Ac\ = 6x {Qi — Acf) in (|in|) vanishes. Assume, on the 
contrary, Qi — 4c^ = 0. Inserting Ci = ±^/Ql into (j42| and separating the terms with the 
root yields iQi \/Qi = Q2- Taking the square we obtain 27 d^Pi = 0, in contradiction to 
the assumptions do and Pi 7^ 0. It follows that to each Ci there corresponds a unique 
value for di. Thus, ngoi = 3 = norb- 

This completes the proof of Theorem 15.31 □ 

Remark 5.4. As a by-product of the proof we have seen that the 6 invariants Cq, do, Ci, 
di, t2, ts are sufficient to separate the points of P. Hence, they define a homeomorphism 
of V onto the projection of V to M^. (Outside some 'momentum cutoff' ||v4|| < k the 
homeomorphism property is obvious and inside one uses that a bijection of a compact 
space onto a Hausdorff space is a homeomorphism.) The invariants C2, ^2 cannot be 
expressed as polynomials in the other invariants, though. However, according to (|3i|l and 
(j35| and the subsequent discussion, on V they can be expressed as continuous functions in 
the other invariants. For (cq, lio) 7^ (3,0), (— |,±|a/3), 

C2 = Po"^((3-co)c?-(3-co)rf?-2c/oCidi + 2(co(3-Co) + rf2)t2), (43) 
d2 = Po"' [docj- do dl - 2(3 + Cq) c^d^ + 2c?o(3 + 2co) ^2 ) , (44) 

whereas for [co.do] = (3,0), (— |,±|v^), in the respective order, 

(C2,rf2) = (3t2,0), (-it2,T^t2). (45) 

One can extend C2 and d2 to rational functions on by means of the expressions on the 
r.h.s. of and (jiil) . Then the values pKll have to be understood as the limits when 
(co, do) ^ (3, 0), (-§, ±|v^) along V. 

On the level of the semialgebraic sets, the projection n : V ^ X is just given by the natural 
projection to the Co-do plane. Figure [SI shows the projections of the fibres 7i~^{co,do) to 
the 3-dimensional subspace spanned by the coordinates ^2, ^3 and Ci for 5 different points 
(co, do) G X. In addition, the projection of the fibres to the ^2-^3 plane, which just coincides 
with y, is shown, too. The figures where drawn using a parametrization of the invariants, 
induced by a parametrization of the matrices a and A. 

For {co,do) belonging to the stratum X2 the fibre 7f^^{co,do) is a full 2-plane, folded 3 
times over the curve P2 = (Figures (a) and (b)). The self-intersections present in these 
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figures are remnants of the projection to the t2-H-Ci hyperplane. In fact, they correspond 
to solutions Cl of (|1T| of multiplicity 2 where the factor Qi ^2 — 24 in (|in|l vanishes, so 
that both values of di in (|38|l are allowed. Since the latter are distinct (unless t2 = Q), the 
fictitious self-intersection of the fibre is not present in the full M^. 

When (co,(io) approaches the stratum A'l, i.e., the curve Pi = 0, the two halves of the 
plane come closer (Figure (b)). For (co,(io) € Xi they meet each other and thus make the 
fibre a half-plane with a double fold (Figure (c)). When moving (co,(io) further along Xi 
towards one of the points of the stratum Xq the three layers of this half-plane approach 
each other (Figure (d)) to finally merge to a 'sixth-plane' cone for (co,(io) G Xq (Figure 
(e)). This illustrates the abstract description of the fibres in Section 

5.4 Stratification 

We determine the equations and inequalities defining the strata of V. We will make use of 
the discriminant of the characteristic polynomial XaA- Define 

P4(co(a, A), . . . , t3(a, A)) := Re(D(xaA)) • 
Using (121)) and one finds 

XaA{z) = -z^ + tr(aA) z^ + ti{A^) tr(a) - tr{aA^)^ z + |tr(A3) . 

It follows 

P4 = c^c^ — c-^'-^2 ~^ ^ C\d\C2d2 ~\~ d'^d'^ — c'^ — ^-0^2 C1C2 ~l~ c^d2 ~\~ 4^3 cid"^ 
— 2dQt2 CidiC2 — 2Cot2 Cidid2 + £9^2 'j^iC2 — c^o^2 did2 — 4c2 
+ 12 C2dl + ^(cg - dl)tl c\ + CoO?oti Ciiii + 6^3 C1C2 - ^(cq - d^^t\ d\ 
+6^3 dxd2 + 6cot2 C2 - 12(iot2 02^2 - 6cot2 d\ - 800^2^3 Ci 
-3dot2t3 di + 3{dl- cl)tl C2 + Qcodotl d2 + |co(cg - 3c/g)ti - 3t| 
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Theorem 5.5. As subsets ofV, the strata Vk are defined by the following equations and 
inequalities: 

Vo : Po = and = 

Vi : Pi = P2 = A = and (Pq > or > 0) 
V2 : Pi > or P2 > or P4 7^ 

Proof. Let (a, A) G T x t be given. 

The pair (a, A) is invariant under the full S'3-action iff so are a and A individually. Accord- 
ing to Theorem 15.11 and Lemma EISl this holds iff Pq = and ^2 = 0, respectively. Next, 
assume that (a, A) has nontrivial stabilizer. Then there are 2 entries which coincide for a 
and A simultaneously. Then aA has a degenerate eigenvalue. It follows D(xaA) = and, 
hence, P4 = 0. Conversely, assume Pi = P2 = P4 = 0. Then a and A both have coinciding 
entries. Up to Ss-action we can assume a = diag(a, a, a^), a G U(l). Then A can be 

diag(ia;, ix, — 2ia;) , diag(ia;, — 2ia;, ix) or diag(— 2ia;, ix, ix) , x G M . (46) 

If X = or = 1 then in all 3 cases (a. A) has nontrivial stabilizer. Hence, assume x ^ 
and a'^ 7^ 1. In the second and the third case, 

I){xaA) = {ax + 2axf{ax - o?xf(2ax + c?xf = 9x'^(2a^ -a^- if 

Taking the real part and replacing Im(a^)^ = 1 — Re(a^)^ yields 

P4 = 72x^(Re(a^) - 1)^ = 0. 

Hence, x = or a'^ = 1, in contradiction to the assumption. Therefore, A = diag(ix, ix, — 2ix) 
and hence (a. A) has nontrivial stabilizer. This yields the equations for Vi. The inequalities 
for Vi and 7^2 are obvious. □ 



5.5 Poisson structure 

The brackets of the generating invariants Cq, . . . ,^3, taken in the Poisson algebra C°°(V), 
define a Poisson structure on M*^ by 

{f,9}:=Y.'. (47) 
^1,3=1 dxi ox j 

where (xi, . . . , Xg) = (cq, . . . , ta). This Poisson structure rules the dynamics on P, see the 
brief remark in Sectional The Poisson brackets in C^iV) are defined by 

{f,g} = uj{Xf,Xg), f,gEC^{GxQ), 

where the symplectic form u is given by (jH]) and X/, Xg are the Hamiltonian vector fields 
associated with / and g, respectively. They are defined pointwise by 

cu^aMXf,X) = -Xif), (48) 
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for all X G 1[a,A){,G x g) and (a, A) E G x q. Here X{f) is the directional derivative of / 
along X. As in Subsection 13.31 we write the tangent vectors in the form 

(X;)(,,^) = {KBf, {A, Cf)) , X = {KB, (A, C)) 

with Bf, Cf,B,C G g. Although it is not indicated by the notation, Bf and Cf depend on 
a and A, i.e., they are g- valued functions on G x g. Using ^ and the invariance of the 
scalar product ( ■ , ■ ) to rewrite the l.h.s. of (jlH}, and using the curve (exp(t_B) a , A + tG) 
to represent X, (jlH| becomes 



{Bf,G) + {[Bf,A]-Gf,B) = -^^ 



/((exp(t5)a, A + tC)), Vfi,CGg. (49) 



Putting i? = yields Bf^ then putting C = and replacing Bf in the commutator yields 
Gf. Having found the Hamiltonian vector fields associated with the invariants this way, 
the Poisson brackets are then given pointwise by 

A)) = {Bf,Gg) - {Gf,Bg) - (A [Bf,B,]) (50) 

Since it suffices to compute the brackets on the level set J~"^(0), we may always assume 
{a, A) G J~^(0). This simplifies the computations considerably. In particular, the commu- 
tators in (|i9|l and (f5n|) happen to vanish. 

Let us illustrate the calculation by the bracket {ci,c?i}. For Ci and di, (|i9|) reads 

{B,,,G) + {[B,,,A]-G,,,B) = -\m{a,G)-\m{aA,B) 
+ = -Re(a,C)-Re(aA5) 

To express the r.h.s. in terms of scalar products of B and G with elements of g, let n+ 
and n_ denote the projections of M3(C) onto the traceless Hermitian and traceless anti- 
Hermitian matrices, respectively. I.e., 



n±(D) = \{D±D^)- \{ti{D) ± tr(D)) , D G M3(C) . 
Both n_ and in+ map M3(C) to q and for any D G M3(C) and B E Q one has 

Re(D,5) = (n_(D),5), Im(D,5) = (in+(D),fi). (51) 
This way, we obtain the Hamiltonian vector fields of the invariants: 

= 0, Ceo = -n_(a) = -|(a-at) + 14, 

Bdo = , Gdo = in+(a) = |(a + a)) - \cq , 

= -in+(a) = -Ka + a^") + ico, = iIl+{aA) = )^{a - a))A + '^di , 

Bdj = -n_(a) = -i(a - at) + ic/o , Gd^ = U^{aA) = l{a + a^)A - ^Ci , 

Bc2 = -2n_(aA) = -(a + at)A + f Ci , C,^ = U^iaA^) = |(a - at)^^ + ifia , 

= 2in+(aA) = i(a - at)A + frfi , C^^ = -in+(av42) = -|(a + at)v42 - , 

= -2A, a = 0, 

Bt, = 3in+(A2) = 31^2 + its , ^3 = . 
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There hold the relations Bc^ = —Cdg, = —Cc^, Bc^ = —2Cd-^, Bd^ = 2Cc-^. According 
to (EDI), e.g., 

{c,,d^} = {B,^,Cd,)~{C,„Bd,) = {-iUM,Cd,)-{in+{aA),Bd,) 
= -Im(a, Cd^) - lm{aA, Bd^) ■ 

By replacing Cd^ and Bc^ using the above explicit expressions and rewriting the resulting 
scalar products in terms of the invariants cq, . . . , we finally arrive at the desired Poisson 
brackets: 



{co, do] 


= 0, 


{ci,(ii} = 


|(coCi + (iorfi) 


r J. J. 1 

1^2,^3} 


= 0, 


{02,^2} = 


-2^3 + |(ciC2 + di 


{co, Ci} 


= — |co(io — do , 


{do,di} = 


|coc?o + do 


{co,di} 


_ 1„2 1j2 „ 3 
— 2^0 6 ^0 2 ' 


{rfo,ci} = 


1„2 1 j2 ^ I 3 
gCg 2"0 "^0-1-2 


{co, C2} 


= —c^di — \dQCi + rfi , 


{do,d2} = 


|co(ii + doCi — di 


{co,4} 


= CqCi — ^dodi + ci , 


{do,C2} = 


|coCi — dodi + ci 


{ci, C2} 


= — |co(i2 — \d0C2 — \dQt2 


+ jd2 + |ci(ii 


{Cl,rf2} 


= |coC2 — 10^0^2 ~ |cot2 — 


|t2 + |C2 + 1 




{di, C2} 


= \cqC2 — |(^0'^2 ~ |cot2 + 


1„ 1 3^ 2 
2C2 +2*^2-3 




{di,d2} 


= |co(i2 + |'ioC2 + ^'io''-2 ~ 


^(^2 — |ci(ii 




{Co,t2} 


= -2rfi, 


{C?0,^2} = 


2ci 




= -2^2, 


{di,t2} = 


2C2 


{C2M} 


= —t2di — ^t^do , 


{^2,^2} = 


t2Cl + ftsCo 


{£0,^3} 


= t2dQ — 3d2 , 


{do^t-i} = 


~~^2Co + 3C2 


[ciM] 


= —^t2di — t^do , 


{duh} = 


|)f:2Ci + t^CQ 


{C2M] 


= — 1^2*^2 — ^3*^1 ; 


{^2,^3} = 


\t2C2 + tsci 



Remark 5.6. Another description of the reduced phase space in terms of invariants can 
be constructed as follows [Z1IH|- The polar map (a, A) 1— aexp(— iyl) yields a diffeomor- 
phism of T X t onto the complexification T*^, which is isomorphic to the direct product 
of two copies of the group of nonzero complex numbers. This diffeomorphism passes to 
an isomorphism of stratified symplectic space from V onto T'^/S^. The real invariants 
for the latter quotient are the elementary bisymmetric functions on T^, obtained from 
the elementary symmetric functions by bilinearization w.r.t. the holomorphic coordinates 
and their complex conjugates. This description is the starting point for stratified Kahler 
quantization in [DllZj. It also has the great advantage that it directly generalizes to SU(?t,) 
and further to an arbitrary compact Lie group. For classical dynamics, however, it has the 
drawback that the kinetic energy is not polynomial in the generating invariants. 
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6 Towards classical dynamics (an outlook) 



In this final section, we make some general remarks on the dynamics on V and X . A 
detailed study will be carried out in a subsequent paper. 

In terms of the symplectic covering x of SectionlH the dynamics can be described as follows. 
Given a Hamiltonian function H G C°°(P), the lift is a Hamiltonian function on M^. 
Let the curve {x{t),p{t)) be a solution of the Hamiltonian equations associated with x*H^ 

diTH} ^.-^Mll ,-12 (53) 

To be a solution is a local property. Since the map : T x t is a local symplecto- 

morphism, then V^((x(t), is a solution of the Hamiltonian equations of A*if on T x t. 
According to point 2 of Remark l3.H this curve stays inside (T x t)^. for some k = 2, 1,0. 
Hence, {x{t),p{t)) stays inside the corresponding and = Xk{ix{t),p{t))) 

is a curve in Vk- Since Xk is a local symplectomorphism by Theorem 14. 2L then this curve is 
a solution of the Hamiltonian equations of the Hamiltonian function Hl-p^, (restriction) on 
the stratum Vk- This way, the Hamiltonian dynamics on V w.r.t. H is completely solved by 
the Hamiltonian dynamics w.r.t. x*H on M^. Furthermore, the trajectories in X are given 
by TV o x[{x{t) , p{t))) . Define x '■ ~^ ^ he the composition of the covering : — > T, 
see (fTHll . with the natural projection T X. Then tt o x{{x{t),p{t))) = x(a;(t)). Hence, 
for the discussion of the trajectories in A", it suffices to consider the trajectories x{t) in M^. 
An explicit realization of the trajectories in X can be obtained by passing to by means 
of the Hilbert map px, see (f26| . One finds 



Pxox{x{t)) = (cos(^xi(t) + ^x2(t))+cos(^xi(t)-^x2(t))+cos(y^xi(t)) , 
sin {j=^x\t) + -^x\t)) + sin (^^^(t) - -^x\t)) - sin {^/jx\t))^ . 

Now consider the Hamiltonian Q. One has 

= iipl+pl) + ^(3 - cos + fl) - cos cos (^x^)) (54) 



X 

The Hamiltonian has the standard structure, consisting of a kinetic energy term and a 
potential term. The potential is represented in Figure El Its minimal value is 0, it is taken 
at the points 

(3/y^7r, (3/ + 2m) V2 7r) G Mg, /,mGZ. 
The maximal value is taken at 

((3/ + 1) ^ vr, (3/ + 2m + 1) V2 tt) , ((3/ + 2) ^ vr, (3/ + 2m + 2) v^vr) G , /, m G Z . 
In addition, the potential has saddle points at 

(3/^/17?, (3/ + 2m + l) V2 7r) gM?, /,mGZ. 
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Figure 6: Level diagram of the potential of the Hamiltonian Dark regions mean low 

potential. 

In the representation of in Figure El the minima are the points labelled by 0; they 
project to 1 G Xq. The maxima are the points labelled by 1 and 2, they project to the 

■ 2 -4 

other two central elements e's'^l and e^s'^l G Aq. The saddle points are situated in the 

middle between points labelled by 1 and 2. 

The Hamiltonian equations associated with H are 

Pi = -^yi (sin(^xi) cos(^x2) +sin(yfxi)) , 
P2 = -^V2 cos (^x^) sin , 

= 5^pj, J = 1,2. (55) 

Combining them, we obtain 

x2 + i^v^cos(^xi) sin(^x2) = 0. (56) 

As mentioned above, this system of equations will be studied in detail in a subsequent 
paper. 

Next, we comment on the discussion of the dynamics in terms of the invariants of Section 
El For a given Hamiltonian function H G C°°(]R®), dynamics takes place on and is ruled 
by the Poisson structure defined by the brackets of the coordinates (|^ . I.e., the equations 
of motion are given by 

Xj = {H,Xj}, {xi,...,Xs) = {co,...,h). (57) 

By construction of the Poisson structure, V is invariant under the fiow of H for any 
H G C°°(M^). In terms of the invariants, the Hamiltonian ^ reads 

^ = T^2 + ^(3-Co). 
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The second term corresponds to the potential term in (fM|l . Its level lines in X are just 
straight lines parallel to the (io-axis, cf. FigurelH The minimum is at the corner {co,do) = 
(3,0), the maxima are at the corners (cq, (io) = (~|) iv^f)? the saddle point is at the 
boundary point {co,do) = (—1,0). 

The corresponding equations of motion yield a highly coupled system, which will not 
be reproduced here. At first sight it does not seem to be easier to handle than the equations 
of motion in terms of the symplectic covering (f56|) . It will be a future task to study and 
unravel this system. 
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